Abstract: We study a fully backreacted holographic model of a four-dimensional superconductor by including a higher curvature interaction in the bulk action. We study how the critical temperature and the field theory condensate vary in this model and conclude that positive higher curvature couplings make the condensation harder. We also compute the conductivity, finding significant deviations from the conjectured universal frequency gap to critical temperature ratio.
Introduction
The gauge/gravity correspondence [1] has proven to be a powerful tool for examining the properties of strongly coupled field theories. In the recent literature it has been applied to the study of condensed matter systems providing a good qualitative description of their quantum phase transition to a superconducting phase [2, 3] .
The superconducting phase of a field theory is characterised by a charged operator which condenses for sufficiently low temperatures, breaking a local symmetry. According to the AdS/CFT correspondence, its vacuum expectation value is mapped to a charged field which assumes a nontrivial profile in the dual theory in the bulk. To take into account the fact that the field theory is at finite temperature, the gravitational background is an asymptotically AdS black hole which is unstable when its Hawking temperature is lower than a critical temperature. It has been shown that there is indeed the possibility that a scalar field spontaneously breaks a U (1) symmetry near the AdS black hole horizon in the bulk [4, 5] . The AdS/CFT correspondence relates the general asymptotic falloff of the scalar field near the boundary to the vacuum expectation value of the dual field theory operator. Based on this observation, a simple model of a (2 + 1)-dimensional superconductor was constructed [6, 7] . It is remarkable that despite the fact that the gravitational model was not derived from a string theory background, it captures the essential physics of the holographic superconductors. Many aspects of holographic superconductivity are now well understood also in the (3 + 1)-dimensional case, such as their behavior in the presence of an external magnetic field, different scalar masses, potentials and backgrounds; for a (partial) list see [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20] .
The possibility of obtaining string-(and M-)derived models of holographic superconductivity has been explored in [21, 22] . However, due to our lack of understanding of string theory backgrounds, the class of dual field theories that one can study with holography is in some way restricted. A way to overcome this problem is to consider higher curvature (or derivative) interactions in an effective gravitational theory. From the field theory point of view the higher curvature interactions introduce new couplings amongst the field theory operators, thus broadening the class of field theories one can holographically study. The higher curvature terms are treated in a perturbative framework, because they are seen as a α expansion of the full string theory action. When this expansion breaks down, one has to consider again the full string theory model.
If we restrict our attention to five dimensional gravity, the first step to take into account stringy corrections to the gravitational action is to include the Gauss-Bonnet term. It is believed to be the first, O(α ), correction to low energy gravity. Models of holographic superconductivity have been studied in this setting [23, 24, 25, 26, 27] . In the Einstein-Gauss-Bonnet gravity the metric equations of motion remain second order in (time) derivatives and planar AdS black holes can be analytically studied. A natural way to extend this model would be to include the cubic interactions of Lovelock gravity. However, this term only affects the equations of motion in seven or higher dimensions, and its effects are only visible in six-dimensional dual field theory. Inspired by the form of the Gauss-Bonnet equations of motion, recently a cubic theory of gravity has been constructed and AdS black holes solutions analytically found [28, 29] . This model is obtained by adding a curvature-cubed interaction to the Einstein-Gauss-Bonnet action. Due to the fact that this curvature-cubed term has not a topological origin like the Lovelock ones, the linearized equations of motion for a graviton perturbation are fourth order in derivatives. Nevertheless, when the background metric is taken to be an AdS spacetime, they reduce to second order and this makes the holographic theory under control. Moreover, the full equations of motion for a static spherically symmetric metric in five dimensions reduce to a simple algebraic equation. For these reasons the model has been called quasi-topological gravity. This model has been considered for holographic studies in [30, 31, 32, 33] .
In this paper, we use the quasi-topological model to build a model of holographic superconductivity. Holographic superconductors in quasi-topological gravity have been studied in [34] in the probe limit. Here, we also take into account the effects of the backreaction of the fields on the metric. Our main motivation relies in the recently noted features of Gauss-Bonnet holographic superconductors. In particular, it has been noted [8] that the real part of the conductivity of a holographic superconductor has a frequency gap which is proportional to the critical temperature of the system. The authors found that the frequency gap to critical temperature ratio assumes a constant value for every field theory with a gravitational Einstein dual without any reference to the field theory dimensionality or to the bulk scalar mass, so they claimed that this value should be universal. However, when the higher curvature terms are included, this relation ceases to hold. This is true both in the probe limit [23, 24, 25, 26] and in the backreacted case [27] for the Gauss-Bonnet model, and in the probe limit of the quasi-topological gravity [34] . Here we show that it is also the case in the fully backreacted model of quasi-topological gravity. From our and other results, it seems that the frequency gap to the critical temperature ratio increases both with the Gauss-Bonnet and the quasi-topological couplings. The opposite behavior has been noted for the shear viscosity to the entropy density ratio: in that case, the 1/4π bound is violated by the higher curvature terms in such a way that increasing the gravitational parameters lowers the ratio.
The rest of the paper is organized as follows. In section 2 we review the quasitopological holographic superconductor, derive the set of equations of motion and give some of the known analytical solutions. In section 3 we present our numerical results for the condensate value and the critical temperature of the dual field theory. In section 4 we analyze the conductivity of the holographic superconductor. We conclude in section 5.
The bulk theory
We consider the following five-dimensional bulk action of a cubic theory of gravity [28, 29] coupled to an abelian gauge field A µ and a charged massive scalar field φ S = S g + S m (2.1)
where κ 2 = 8πG 5 ,
are the Gauss-Bonnet term and the curvature-cubed term we are considering 1 , respectively, and α and β are the Gauss-Bonnet coupling and the quasi-topological coupling, respectively. For simplicity, we take α and β to be real and positive. The equations of motion which follow from the action (2.1) are [28] 
where G µν is the Einstein tensor,
and T µν is the energy-momentum tensor.
In the absence of any matter sources, the gravity equations of motion have an asymptotically AdS black hole solution
When evaluated on these spacetimes, the quasi-topological term reduces to a first order contribution to the gravity equations of motion. Indeed, inserting this metric ansatz into the equations of motion, one obtains that
where r H is an integration constant which can be interpreted as the horizon of the black hole, because g(r H ) = 0 is a solution to (2.8). The algebraic equation (2.8) is, of course, exactly solvable. The equation for N is simply N (r) = 0, so one chooses
to set the dual field theory speed of light to unity [29] . Note that N L sets the effective AdS radius which is always smaller than L. By direct inspection of the solution to (2.8) , the values of α and β are constrained by the request for the AdS black hole solution to be stable. The main request is that f (r = r H ) is a real, positive definite function. We only consider the range where these constraints are satisfied.
The Hawking temperature of the black hole is given by
and can be found, for instance, by using the standard approach of euclidean continuation near the black hole horizon r H . As usual, we interpret (2.10) as the temperature of the dual CFT on the boundary. We build our model of holographic superconductivity by adding the matter sources and considering the plane-symmetric metric ansatz
together with the static ansatz for the matter fields
The scalar field φ can be chosen to be real without loss of generality. The normal phase of our holographic superconductor is defined by the solution in which the function ν(r) and the scalar field (also called the scalar hair) vanish identically. The solution is a bit cumbersome, so we only quote here the solution for the gauge field
where ρ is proportional to the black hole charge, and the Gauss-Bonnet limit of the metric
In the Einstein limit α → 0 the formula above reduces to the Reissner-Nordström AdS black hole
The superconducting phase corresponds to the hairy black hole solution, in which the scalar field assumes a nontrivial profile. When the temperature is lower than a certain critical value, the charged AdS black hole solution discussed above produces an instability because the scalar effective mass violates the BF bound. Thus, at the critical value for the temperature a phase transition occurs.
Plugging the ansatz (2.11) and (2.12) for the metric and the matter fields into (2.4), we obtain the following system of equations
where a prime indicates a derivative with respect to r. These equations and the bulk Lagrangian (2.1) have different scaling symmetries, already noted in [7, 27] r → ar, t,
which we use to set L = q = ρ = 1 in performing numerics. Note that we choose to set q = 1 as [27] , so that the probe limit corresponds to κ → 0 instead of q → ∞, and ρ = 1 ensures that the charge parameter is fixed during all our computations. The Hawking temperature is calculated by
In order to interpret it as the boundary field theory temperature, we have to find a solution with the boundary condition
When we perform the numerics, we use the scaling symmetry [7] 22) to set to zero the value of the ν function at infinity.
The boundary conditions at the horizon for the gauge and the scalar fields are given by the request of regularity of the equations of motion at the horizon. They read
while the metric fields have to obey
The general asymptotic behavior of the fields near the AdS boundary gives us the field theory data. In particular,
where µ and ρ are the chemical potential and the charge density, respectively, and
Here, L ef f = lim r→∞ f (r)/r 2 plays the role of the effective AdS radius; once again, in the limit β → 0 we recover the Gauss-Bonnet result
In order to have a normalizable solution we set
and read the other quantities from the asymptotic falloffs of the fields. According to the AdS/CFT correspondence, φ (+) is interpreted as the expectation value O λ + of the dual field theory operator with conformal dimension λ + . Note that for a range of masses we could also choose the boundary condition φ (+) = 0, but the qualitative features of our results would not be modified [6, 7] .
For concreteness, we choose m 2 = −3/L 2 ef f . In this way, the dimension of the boundary operator which condenses remains fixed at λ + = 3 as we vary the gravity couplings α and β. The value of the condensate is then read from the asymptotic r −3 falloff of the scalar field, when a nontrivial solution exists.
Numerical results for the superconducting phase
The behavior of the holographic superconductor is found by integrating the equations of motion (2.16)-(2.19) numerically from the horizon to the boundary. We use a shooting method to find the solutions with the appropriate boundary conditions; then, the value of the scalar condensate is obtained by fitting the asymptotic solution. We use this procedure several times with various values of the coupling parameters α and β to study how the system reacts to them. Moreover, we also change the backreaction parameter κ. The values of α and β allowed by the condition to obtain a stable solution are shown in left plot of figure 1. However, requiring that the AdS solution has a consistent dual field theory poses severe bounds on the couplings. In particular, it has been shown that the requirements of causality and positivity of energy fluxes in the CFT restrict the allowed parameter region as shown in the right plot of figure 1 [29] . Thus, we only consider this smaller parameter region.
It has been shown [7, 27] that the effect of the backreaction is to decrease the critical temperature, making the condensation harder. The authors explained this phenomenon by noticing that when the backreaction parameter is increased the scalar field not only screens the charge of the black hole, but also its mass: thus, for a given charge and temperature, the radius of the black hole is increased, which makes harder for the scalar field itself to condense.
Another interesting feature shown in [27] is that as one increases α, the critical temperature decreases until it reaches a turning point and starts to increase again. In particular, the higher is the backreaction, the more pronounced is the minimum, and the critical temperature in the limit α = 1/4 can be even higher than that in the Einstein limit α = 0. However, we note that all the turning points found in [27] are outside the allowed parameter space shown in the right plot of figure 1.
We first study how the critical temperature changes as one explores the range of the allowed parameters. We particularly concentrate on the allowed region for the curvature-cubed parameter. A plot of the critical temperature as a function of β is given in figure 2 for three values of the backreaction parameter: the top line represents the non-backreacting case, the mid one is computed with a backreaction parameter κ 2 = 0.1 while κ 2 = 0.2 for the bottom line. It is evident that increasing the backreaction parameter lowers the critical temperature.
The critical temperature is also affected by the gravitational couplings α and β. In particular, we push our analysis towards the highest curvature-cubed parameter admitted by consistency of the dual CFT. From our numerical results, we see that the effect of the curvature-cubed term results in a lowering of the critical temperature, without any appearance of turning points, thus making the condensation harder. However, the lowering of the critical temperature is of order of one part per hundred in the allowed parameter range and it is not evident in figure 2 . A plot of the critical temperature at fixed κ 2 = 0.2 as a function of the two gravity coupling parameters is represented in figure 3 . We note that the effects of the Gauss-Bonnet term are much more evident, as its allowed range is larger. The right plot of figure 3 shows that the critical temperature is a monotonically decreasing function of β at fixed α = 9/100. A similar behavior also holds for the other values of α. The qualitative behavior of figure 3 is in agreement with the results presented in [34] , where the non-backreacting case of the quasi-topological gravity is considered. Figure 4 shows the values of the scalar condensate as a function of the temperature for various values of κ 2 and β, keeping α fixed. From this figure it is evident that the backreaction lowers both the critical temperature and the value of the con-densate, thus making the condensation harder. Due to the bounds on the higher curvature couplings, the variation of the scalar condensate with respect to β is not appreciable. We numerically find that it monotonically decreases. Figure 5 shows the same curves normalized by the critical temperature, so that we deal with a dimensionless function of a dimensionless variable. Because the critical temperature is lowered when either the backreaction or curvature-cubed parameter are enhanced, the height of the dimensionless condensate is higher. This happens despite the fact the unnormalized curves tend to decrease. Note that the effect of the backreaction is very evident, while the effect of the quasi-topological parameter is negligible.
Conductivity
According to the AdS/CFT correspondence, the bulk field A µ corresponds to a fourcurrent J µ on the boundary. To compute the conductivity of our system, we have to introduce a perturbation of the Maxwell field A µ on top of the hairy black hole solution. Writing the perturbation as A(t, r) = A x (r)e −iωt dx we obtain the linearized equation of motion for A x :
where we set L = 1 for simplicity. The equation has to be solved under the incoming boundary condition near the horizon
where T is the Hawking temperature of the black hole. In the asymptotic AdS region (r → ∞) the general solution behaves as
where a 0 and a 2 are integration constants. The logarithmic term suffers from an ambiguity scale, related to the fact that it leads to a divergence in the Green function that has to be removed by an appropriate counterterm. We use here the same conventions as [27] . Given the results of the previous section, we numerically solve the equation for the Maxwell field perturbation with the given boundary condition and obtain its large r coefficients. Once the asymptotic parameters have been computed, the conductivity is given by the formula
where the arbitrariness of scale reflects its presence in the linear term in ω. In figure 6 we plot our numerical results for the electrical conductivity of the system. Once again we normalize both the conductivity and the frequency with the critical temperature. In all cases, the solid line represents the real part of the conductivity, while the dotted line represents the imaginary part. The conductivity for the non-backreacted case (κ 2 = 0) is shown in blue, that for the backreacted case (we choose κ 2 = 0.05) in red. The qualitative features do not change as we vary κ 2 . The upper figure has α = β = 0, the lower ones have α = 0, β = 0.0006 (left) and α = 0, β = 0.0011 (right).
It has been observed [8] that in field theories with Einstein dual the real part of the conductivity has a gap with frequency ω g , where the relation
holds. Here, ω g is the value for the frequency at which the imaginary part of the conductivity envelops a global minimum. In the case of field theories with Einstein-Gauss-Bonnet gravity dual this is no longer true, and indeed the normalized frequency gap highly depends on the values of the backreaction and Gauss-Bonnet parameters. In particular, increasing α pushes the frequency gap to higher values without affecting the critical temperature very much, while the frequency gap does not change but the critical temperature decreases when the backreaction is switched on. It should be noted, however, that in the CFT dual allowed parameter range (right plot of figure 1 ) the effects of the Gauss-Bonnet term consist in a deviation from (4.5) of order of one percent. From our results in figure 6 , we see that the same is true also when the quasi-topological term is considered. Indeed, changing the backreaction parameter results in a lowering of the critical temperature, while increasing the β parameter does not alter the critical temperature very much but increases the frequency gap. Moreover, the backreaction smooths both the step in the real part of the conductivity and the dip in the imaginary part. The plots in figure 6 looks almost identical because the allowed range of β is very restricted.
Conclusions
In this paper we studied the effects of the backreaction on the quasi-topological holographic superconductors. The non-backreacting case was studied in [34] and our results in the probe limit agree with those presented there. We only considered the simplest model with a quadratic potential term for the scalar field which represents the gravity dual of the boundary operator which condenses. For a wide range of parameters, included the backreaction parameter, we numerically studied the condensation of the scalar field as a function of the temperature. We found that as the bulk parameters are increased, the value of the scalar condensate decreases. Moreover, the critical temperature of the dual field theory also decreases, and this is more evident when the backreaction is taken into account. Thus, both the higher derivative corrections and the backreaction make the condensation harder. Finally, we found that the value of the scalar condensate normalized with the critical temperature is higher. Our results complete and generalize those found in [27] and [34] . In the former, a more careful treatment of the Gauss-Bonnet coupling has been carried out, and it reveals more subtle than the curvature-cubed corrections presented here. We numerically calculated the electrical conductivity of the holographic superconductor. We found that the so-called universal relation ω g 8T c is spoiled by the effects of the backreaction but it is not affected very much by the quasi-topological term in the bulk action when the bounds coming from the consistency of the dual CFT are taken into account. The backreaction does not affect ω g but decreases the temperature, while the opposite is true for the curvature-cubed parameter. In all cases, ω g /T c is an increasing function of the parameters we considered.
In addition to higher derivative terms to the gravitational part of the action one could also consider adding corrections to the matter part of the action. The latter are typical in string-derived models, and they should be taken into account if one wants to describe the low energy dynamics of a general string background. While field theories with a dual higher derivative matter Lagrangian have been studied [35] , it is interesting to study their effects in the context of holographic superconductivity [36] .
We did not derive the gravitational theory from a consistent truncation of string theory. Thus, we only know that in the dual field theory a charged scalar operator condenses, but we do not know the microscopic details of the dual field theory. Moreover, a consistent truncation of string theory can uniquely fix the scalar potential to a more complicated form than that studied here. In this sense, it would be interesting to study more general potentials as well as nonabelian extensions which are very common in string theory constructions.
